Consider the nonautonomous difference equation
Introduction.
Our aim in this paper is to study the global stability of the nonautonomous difference equation increase the ecological realism, Grove et al. [1] introduced the delay in Eq. (1.3) and considered the following equation:
Vn exp(/3(l -2yn-k)) 2/n+i = : r^r, t vT > n = 0,1,...
1 -Vn+Vn exp(p(l -2yn-k))
as a simple genotype selection model with one delay. The appearance of yn-k in the selection coefficient reflects the fact that the environment at the present time depends upon the activity of the population at some time in the past and that this in turn depends upon the gene frequency at that time. Then, in a later paper [3] , Grove et al. studied the genotype selection model with several delays:
yn exp(/3(l -X^=o aiVn-i)) ni n yn+1 = k . n -0,1, (1.5) 1 -Vn + Vn exp(/3(laiVn-i))
The appearance of several delays in the model is incorporated with the phenomenon that fitness today depends on some function of the various life stages or ages today, which means the number of adults born 1, 2,..., k periods ago, each multiplied by the probability of surviving to the present and by the magnitude of their effect if they do not survive. For a discussion of the background of this model in detail, see [3] .
Asymptotic behavior of positive solutions of Eqs. (1.3)-(1.5) has been studied by several authors.
For example, the local stability of the positive equilibrium solution y = 1/2 of Eq. (1.3) was investigated by May in [8] ; the oscillation and the stability and the periodic character of positive solutions of Eq. (1.4) were investigated in [1] and [2] ; the oscillation and the stability of positive solutions of Eq. (1.5) were studied in [3] . Although some good results about the asymptotic behavior of positive solutions of Eqs. (1.3) (1.5) have been established, the discussion of the global stability of these equations is far from completed and this motivates us to further study this topic. By noting that the effects of a varying environment are important for evolutionary theory as the selective forces on systems in a fluctuating environment differ from those in a stable environment and the assumptions of variation of the parameters are a way of incorporating the variations in the environment, we assume that the parameter (3 in (1.5) varies with n and so this leads us to study the nonautonomous equation ( Then, clearly, yn £ (0,1) for all n > 0. In the following sections, we will always assume that a > 1. We will establish a sufficient condition such that y = 1/a is globally asymptotically stable in the sense that y is stable and attracts all positive solutions with initial conditions of the form (1.6). We will also further discuss the globally asymptotic stability of some special cases of Eq. (1.1). Our results will extend and improve some results established in [1] and [3] . To establish our global stability result, we need the following two lemmas.
Lemma 1 ( [9] ). Consider the difference equation Observe that
and similarly, We assume that X2N+2 < %2N+i'i the proof for the case that x2n+2 > %2N+i is similar and will be omitted. Clearly, if X2N+2 > x, then X2N+2 satisfies (2.20). Now, suppose that X2N+2 < x. Let xn -xeWn. Then {wn} satisfies the equation
By noting that X2N+2 < x and x2n+2 < X2N+1, we see that w2n+2 £ 0 and W2N+2 S w2n+\- (2.22) We claim that Then by noting eWn = (a -l)a;n and (2.18), we see that eWi < {a -1)z2N, « = 0,1,..., 2N + 1.
Hence, it follows from (2.23) that Hence,
Then by noting X2iv+2 < x2n+i and X2N+1 < ?2N, we see that (2.20) holds. An easy induction and an argument similar to the one above, shows that (2.19) holds. [ak + a0 k(a-l)(a-a0)J Here, our condition (2.24) is not only different from the above conditions established in [3] , but also a sufficient condition for the equilibrium solution y = 1/a of Eq. (1.5) to be globally asymptotically stable. 3 . Global stability of Equation (1.1) with one delay and constant coefficients.
In this section, we further study the globally asymptotical stability of the autonomous difference equation
which is a special case of Eq. (1.1) with k > 1. <»o ^ n; ..••• -otk-i -0, at = a, and (3n = f3, a positive constant. We need the following lemma in the proof of our result.
Lemma 3 ([7]). Consider the difference equation
Xn+l -xn+pnf(xn-k) =0, n = 0,1,..., is locally asymptotically stable. Therefore, to complete the proof, we only need to show that for any k > 1. Since sin37r/7 > 3/7r, it follows that g'(a;) < h'(x) on the interval (37t/7, 7t/2). Then by noting g(7t/2) = h(n/2) = 0 also, we see that g(t) > h(t) for 3n/7 < t < n/2, that is, For this special case of Eq. (3.1), it has been shown in [1] that the equilibrium solution y -1/2 is globally asymptotically stable if one of the following conditions holds:
(a) k = 1 and 0 < (3 < 2;
(b) k > 2 and 0 < (3 < 2/k.
Clearly, for the case that k > 2, our condition (3.13) is better than the above condition established in [1] , 
We need the following result, which is extracted from [6] . The following theorem is our main result in this section. By noting that the function exp(/3n 1 ^1°_a.1^) -1 is decreasing with respect to x and is zero at x, it is easy to see that
We claim that It has been shown in [3] It is easy to check that if /3 < 2 + In 2, then > § and so (4.3) is better than (4.11) in this case.
